
E Q U A T I O N S  OF M O T I O N  OF T H E  M A T E R I A L  
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The behavior  of a l ayer  of c o a r s e  m a t e r i a l  in a ve r t i ca l ly  vibrat ing v e s s e l  is analyzed. The 
equations of motion and the initial  conditions a re  found for  the in terva l  at which the m a t e r i a l  
is tossed f rom the bottom of the ve s se l ,  with the m a t e r i a l  t rea ted  as a loose medium.  The 
r e su l t s  a r e  compared  with exper iment .  

The d i spe r se  m a t e r i a l  in a shaker  or  ver t i ca l ly  v ibra t ing ve s se l  is per iodica l ly  tossed into flight 
f rom the bottom. Krol l  r epor ted  the f i r s t  a t t empts  to calculate  this motion [1]; fu r the r  work was repor ted  
by Jos ida  and Kausaka [2]. Assuming  an absolutely rigid porous  medium not touching the wails  of the 
ve s se l ,  these inves t iga tors  found the t r a j ec to ry  for  this pa r t i cu l a r  model ,  using as initial conditions an 
equation for  the separa t ion  of a heavy m a s s  point. However ,  expe r imen ta l  r e su l t s  show that the equations 
der ived he re  a re  accura te  only if the depth of the m a t e r i a l  in the shake r  is smal l  [1, 3]. 

A n osci l loscopic  study has been made of the p r e s s u r e  exer ted  by a coa r s e  m a t e r i a l  (synthetic co run -  
dum with an average  par t ic le  s ize of 1.32 mm)  on a m e m b r a n e  s t ra in  gauge embedded in the wall  by the 
p rocedure  descr ibed  in [4]. The resu l t s  show that the m a t e r i a l  in the shaker  exe r t s  a p r e s s u r e  on the wall  
throughout the v ibra t ion period.  The magnitude of this p r e s s u r e  during the flight s tage is governed p r i -  
m a r i l y  by the di rect ion in which the m a t e r i a l  is moving with r e s p e c t  to the vesse l .  This p r e s s u r e  changes 
abrupt ly  when the pa r t i c l e s  stop r i s ing  and begin to fall. During the contact  stage the p r e s s u r e  is max ima[  
nea r  the bottom of the v e s s e l ,  while during the flight s tage the s t r e s s  is removed  f rom the lower pa r t  of the 
m a t e r i a l ,  and com pres s i ona l  s t r e s s  is re ta ined only in the middle  of the ma te r i a l .  

The p r e s s u r e  exer ted  by the m a t e r i a l  on the wal l  gene ra t e s  a fr ict ion force between the wall  and the 
m a t e r i a l ;  this fr ict ion r e t a r d s  the mot ion of the ma te r i a l .  The vibrat ion of a coa r s e  m a t e r i a l  is known to 
involve a c lose  packing of pa r t i c l e s ,  because  of the sma l lnes s  of the hydrodynamic  fo rces  which a r i se  
during the per iodic  expulsion of gas f rom the pulsat ing volume below the m a t e r i a l  [2, 4]. Special o b s e r v a -  
tions of the ra te  of pa r t i c le  mixing in the l aye r  of m a t e r i a l  have shown that the veloci ty of the v ib ra t iona l -  
convect ive par t ic le  mot ion is one or  two o r d e r s  of magnitude lower than the v ibra t ion velocity.  Accordingly,  
in a study of the ve r t i ca l  motion of the m a t e r i a l  the re la t ive  motion of the pa r t i c les  in the layer  of m a t e r i a l  
can be neglected in compar i son  with the height to which the m a t e r i a l  is tossed,  and the m a t e r i a l  in the flight 
s tage can be t rea ted  as a rigid body whose motion changes under the influence of gravi ta t ion  and the dry 
fr ic t ion with the wall  of the vesse l :  

where 

d2u 

dt 2 
- g - -  sign(v) fT, (1) 

sign (v) = { -l- 1 for v ~ 0, 
- -  1 for v ~ 0 .  (2) 

The l imit ing value of the d ry - f r i c t i on  force m f  T is re la ted  to the c o m p r e s s i o n a l  s t r e s s  in the cy l in -  
d r i ca l  l ayer  by 

S. M. Kirov Ura l  Polytechnical  Inst i tute ,  Sverdlovsk.  Trans la ted  f rom Inzhenerno-Fiz ichesk i i  
Zhurnal ,  Vol. 27, No. 1, pp. 15-22, July,  1974. Original a r t ic le  submit ted October  5, 1973. 

�9 76 Plenum Publishing Corporation, 22 7 West 17th Street, New York, N. Y. 10011. No part o f  this publication may b e reproduced, 
stored in a retrieval system, or transmitted, in any form or by any means, electronic, mechanical, photocopying, microfilming, 
recording or otherwise, without written permission o f  the publisher. A copy o f  this article is available from the publisher for $15.00. 

798 



x o  

[, = 1 ~ "OF dF = 4gX ~ a~dx. 
o,,, (-f-Z_ ~) ~0 j 

F 0 

(3) 

We will determine the s t r e s se s  within the m a t e r i a l  in severa l  steps. The s t r e s se s  existing in the 
layer  during the flight stage are  due completely to the s t r e s s e s  retained in the loose mater ia l  after  its 
separat ion from the bottom of the vessel .  

The accelerated motion of the vesse l  in the gravitat ional  field leads to elastic compress iona l  s t rain 
at the lower boundary of the mater ia l  layer;  this s t rain is accompanied by an i r revers ib le  slipping of 
adjacent par t ic les  at contact  points, which tends to attenuate a signal propagating into the inter ior  of a 
loose medium. Since the signal is t ransmitted essential ly instantaneously along the mater ia l  [5], we can 
descr ibe  the inert ial  accelera t ion j of the par t ic les  in the layer  by the following equation, if we assume 
an exponential damping: 

] = ]0 exp [-- ~l (xo - -  x)], (4) 

where J0 = A0 w2 sin a t  is the vibration accelerat ion.  

The ver t ical  compress ion  of the mater ia l  and the related tendency of the layer  to expand in the hor i -  
zontal  direct ion leads to normal  and tangential s t r e s se s  at the walls of the vessel .  The resul ts  is dry f r i c -  
tion between the walls and the fixed mater ia l ,  which has an unloading effect on the mater ia l .  During this 
stage the s t r e s s  state of the mater ia l  is determined f rom the force-balance  condition 

d f f  x . 

dx = p~' (1 - -  e) (g T ]) - -  4~:s/D. (5) 

Integrating (5), using 7 F = a;~e x and (4), and substituting into the solution the dynamic separat ion 
condition reflecting the vanishing of the react ion of the bottom, ax(X 0) = 0, we can find the time separat ion 
t/-) and the s t r e s s  retained in the medium at this time: 

sino~for = qc~~ ; (6) 
Ko 

., •  - - ~ - x  1 Ko ~ ! '  

where  

Ko = A~176 K - -  A~" ; ; • = 4czs ? -  t),,(1-- s)g; (7') 
g g 

1-- exp ( - -  ~ x~ (7") 

The quantity q) is defined like q)o, but with x 0 in place of x. 

At time t (+), when the mater ia l  begins to r ise  above the bottom of the vessel ,  the friction force 
changes sign (v > 0) and, acting in the same direct ion as the gravitat ional  force ,  re ta rds  the motion of the 
mate r i a l ,  thereby increasing the s t r e ss  in the mater ia l .  Since the flight stage is very- br ief  (~10-2-10 .3 
see) we can assume that the packing of par t ic les  at the time of separat ion is retained without any signifi-  
cant change throughout the flight; then the s t r e s se s  in the tossed mater ia l  in the case v > 0 are given by 
Eq. (5), where the sign of ~-F is changed. The solution of this equation yields 

where 

~o(+) = 7 exp x --1 (8) 
*" • Ko cp-~-)- ' 

q ) ( + )  _ ~  

r 
7r 

exp -~- x --  I (9) 
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When the sign of T F changes again, as the mater ia l  fails to the bottom (v < 0), the s t r e ss  in the 
mate r ia l  again becomes equal to the value a~ given by Eq. (7). 

x 
Accordingly,  the term taking into account the external fr ict ion in equation of motion (1) is writ ten 

[~ = { (4(+) - -  1) g for V > 0, 
( 1 - - 4 ( _ ) ) g  for v < 0 ,  

(10) 

where the coefficients r and r a re  governed by the mechanical  and geometr ic  proper t ies  of the loose 
mate r ia l  and do not depend explicitly on the vibration cha rac te r i s t i c s :  

1 o(exp  
m 4(+~- Xo • D x - - 1  1-- %exp(--~lXo) 

�9 1 +  ~1 
• 

1-- • (exp yx o - -  1) ] /  

o (ox  (11) 

and 

I  1/1 1 _D 1--exp -D-XO 
4(-)--  x0 • 1+ ~1 

• 

% exp (-- ~Xo) [i- i:1-oxp - xo,, _ , 
(12) 

Using Eqs. (2)-(12), we can wri te  the equation of motion for this model,  Eq. (1), as 

d2s d21 __ [ 4(+) g for v ~> 0, (13) 
dt2 ~ dt~ 4(-) g for v < 0. 

where s is the height to which the mater ia l  is tossed above the bottom of the vessel ,  which i tself  is moving 
according to I = A0sinwt;  s + I = u. 

This equation descr ibes  the motion of a loose mater ia l  in a s teady-s ta te  body-force  field proport ional  
to the gravitat ional  force ,  with an abrupt change is the magnitude of this force when the direct ion of the 
relative velocity changes. The difference between the equations of motion found on the basis of this model 
and those found on the basis of the Kroll  model is governed by the magnitude of the coefficients $(+) and 
r and by the time over which they are  effective. 

For  small  heights, with x 0 << 1/~? and x 0 << D / x ,  and for  which the external  fr ict ion force is ex -  
t r emely  slight, we have r = ~(_) ~ 1, so that the layer  moves  along the t ra jec tory  of a mass  point in a 
gravitat ional  force field. As the looseness becomes more  important ,  the frict ion force increases ,  and the 
motion of the layer  is changed. As the mater ia l  moves upward (v > 0) the frict ion force re ta rds  the ascent,  
and as the mater ia l  moves downward the frict ion force re ta rds  the descent. 

The increase  of r with increas ing x 0 is unbounded. When the body forces  acting on the mater ia l  
af ter  the react ion of the bottom of the vesse l  vanishes reach the level of the inert ial  vibration forces  (r 
= K0), the mater ia l ,  "pinched w by the walls,  begins to move along with the vesse l  and does not leave the 
bottom. 

At heights x 0 corresponding to r < K0, the mate r ia l  is tossed above the bottom. However, the flight 
stage begins at the time to (-) at which the s t r e s s  at the lower boundary of the layer  vanishes,  given in (6), 
only under the condition l/~(+) _< ~o 0. Otherwise, the flight stage begins later ,  at a time given by 

sin cot 0 -- 4(§ (14) 
K0 

Over the time interval  to(-)-t; the mater ia l  moves along with the vesse l  walls and exer ts  no p ressu re  
on the bottom of the vessel .  

On the other hand, the quantity r dec reases  f rom one to ze ro  as x 0 increases ;  accordingly,  the 
deeper  the layer ,  the s lower the descent  of the mater ia l .  

Accordingly,  we can descr ibe  the motion of the mate r ia l  in the shaker  during the ascent  and descent  
in dimensionless  form by equations 

d2s~ -- sin 0 4(+1 for O' < 0 i 0", (15) 
dO 2 Ko 
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F ig .  1. B e h a v i o r  of the p a r t i c l e  p r e s s u r e  on the bo t tom of the 
v e s s e l  (1:'41) and on the w a i l s  of the v e s s e l  (1='42), the e l e c t r i c a l  
r e s i s t a n c e  be tween  the m a t e r i a l  and the bo t tom (R1), and the r e -  
s i s t a n c e  be tween  the w a l l s  of the v e s s e l  ~2)  r e c o r d e d  d u r i n g  the 
v i b r a t i o n  of a 1 6 0 - m m  l a y e r  of g r a p h i t e  a t  f = 16 Hz and A 0 = 2.73 
ram.  H e r e  J0 is  the s i g n a l  f r o m  the p i e z o e l e c t r i c  t r a n s d u c e r .  

F ig .  2. The c o e f f i c i e n t  r (dashed c u r v e s ) ,  r247 (sol id  c u r v e s ) ,  and 
J(_) ( do t -da sh  c u r v e s )  c a l c u l a t e d  f r o m  Eqs.  (7"), (11), and (12) a s  
func t ions  o f x  0 (in m) f o r  ~'~/D = 10 m -1, D = 0.1 m ,  and the f o l l o w -  
ing v a l u e s  of K 0 and 77, r e s p e c t i v e l y :  1) 1.56, 2.2; 2) 2.82,  13; 3) 
4.4,  28; 4) 6.35,  50. 

~(0') = d~ - ~ -  (0' )= 0, (15,) 

d ~  ~(_) 
- SirlO - -  - -  for O" ~ 0 ~ Od, (16) 

dO ~ Ko 

s 2 (0") = s~ (0"), (16  ') 

w h e r e  S l ,  2 = S / A 0 ;  0 = ~'t; and 0 d i s  the p h a s e  angle  of the d e s c e n t .  

The d i m e n s i o n l e s s  t i m e  0' a t  wh ich  the f l igh t  beg ins  i s  to be found as  a func t ion  of the r e l a t i o n  b e -  
tween  ~00 and r f r o m  Eq. (6) o r  (14). The p h a s e  ang le  0" a t  which  the d i r e c t i o n  of  v e l o c i t y  v c h a n g e s  i s  
found f r o m  the cond i t i on  

(0") = 0; d2sl 
dO d02 (0") = 0. (17) 

In an e x p e r i m e n t a l  c h e c k  of th is  m o d e l  we s t ud i e d  a g r a p h i t e  l a y e r  wi th  p a r t i c l e  s i z e s  of 0 .25-1 .0  
m m  in a P l e x i g l a s  c o l u m n  100 m m  in d i a m e t e r  wi th  a l a y e r  dep th  of x 0 = 50-600 m m .  The v i b r a t i o n  f r e -  
quency  w a s  v a r i e d  f r o m  10 to 30 Hz wi th  a v i b r a t i o n  a m p l i t u d e  of A 0 = 2.73 mm.  In the e x p e r i m e n t s  we 
m e a s u r e d  the i n s t a n t a n e o u s  e l e c t r i c a l  r e s i s t a n c e  of the m a t e r i a l  and d e t e r m i n e d  w h e t h e r  t h e r e  w a s  e l e c -  
t r i c a l  c o n t a c t  be tween  the m a t e r i a l  and the bo t tom of the v e s s e l .  S i m u l t a n e o u s l y ,  on the b a s i s  of the 
a p p e a r a n c e  and d i s a p p e a r a n c e  of a load on a m e m b r a n e  s t r a i n  gauge  at  the bo t tom of the v e s s e l ,  we d e t e r -  
m i n e d  the p h a s e  a n g l e s  of  the s e p a r a t i o n ,  (Dtt - ) ,  and d e s c e n t  total, of the m a t e r i a l .  A c e r a m i c  p i e z o e l e c t r i c  
t r a n s d u c e r  moun ted  in the bo t t om w a s  used  a long wi th  a PDU-1M a m p l i f i e r  to d e t e c t  the v i b r a t i o n  a c c e l e r -  
a t i o n  and the m e c h a n i c a l  i m p a c t s  of the p a r t i c l e s .  A l l  the c h a n g e s  w e r e  r e c o r d e d  on m o t i o n - p i c t u r e  f i lm  
wi th  a loop o s c i l l o g r a p h  [4]. 
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Fig. 3. T r a j e c t o r i e s  for  l aye r s  with 
depths of 0.007 m (1), 0.04 m (2), and 
0.08 m (3) according  to Eqs. (16) and (17) 
for  the value K 0 = 2.82, according to the 
calcula t ions  in [1-3]; 4) t r a j ec to ry  for  the 
bottom of the vesse l .  

The r e su l t s  (Fig. 1) show that a f t e r  the p r e s s u r e  
exer ted  by the pa r t i c l e s  on the s t r a in  gauge d i sappea r s  the 
e l ec t r i ca l  r e s i s t ance  between the bottom of the ve s se l  and 
the l ayer  does not r each  its l imit ing value instantaneously 
and it d isp lays  some fluctuation. At these t imes  the p iezo-  
e lec t r i c  t r ansduce r  indicates  mechan ica l  impacts .  At a 
phase  angle of about 7r/2 the s ignals  indicating contact  of 
the m a t e r i a l  with the bottom are  cut off, and they do not 
r e a p p e a r  until the l ayer  reaches  the bottom (d in Fig. 1). 
Accordingly,  ove r  the in te rva l  ab  the layer  is at r e s t  with 
r e spec t  to the bottom and nea r  it; it exe r t s  no p r e s s u r e  
on the bottom and does not s epa ra t e  f rom it. This behavior  
was observed  during the shaking of l aye r s  m o r e  than 50-100 
m m  deep. At a lower  depth the e l ec t r i ca l  contact  between the 
l ayer  and the bo t tom is lost  when the l ayer  c ea se s  to exer t  
p r e s s u r e  on the bottom. These resu l t s  support  the a rgu -  
ment  that the tossing of deep l aye r s  is r e ta rded  by "pinch-  
ing ~ by the ve s se l  walls .  

The t ime dependence of the e l ec t r i ca l  r e s i s t ance  of the 
m a t e r i a l  (corresponding to density osci l la t ions  of d i sc re te  

phase  and in ternal  s t r e s s e s  in the layer)  ag r ee s  well  with the t ime dependence of the p r e s s u r e  exer ted  by 
the pa r t i c l e s  on the ve s s e l  wall  during the shaking. During the contact  s tage,  when the p r e s s u r e  exer ted 
by the pa r t i c l e s  on the walls  is max ima l ,  the e l ec t r i ca l  r e s i s t ance  of the m a t e r i a l  r eaches  i ts  min imum 
value. When the react ion  of the bottom d i s appea r s ,  the s t r e s s e s  in the l aye r  d e c r e a s e ,  and the e lec t r i ca l  
r e s i s t ance  i n c r e a s e s  slightly. Af te r  the d i rec t ion  of motion changes ,  the r e s i s t ance  i n c r e a s e s  abrupt ly ,  
and the l ayer  exe r t s  a min imal  p r e s s u r e  on the wal ls .  The abrupt  changes in the e lec t r i ca l  r e s i s t ance  of 
the tossed m a t e r i a l  which occur  upon the change of d i rec t ion  demons t r a t e  the validity of the two-s tage  
model  for  the motion. Theory  and expe r imen t  can be compared  quanti tat ively by compar ing  the initial  con-  
ditions and the t r a j e c t o r i e s  of the actual  m a t e r i a l  (corundum wi th  a par t ic le  s ize of 1.32 mm)  and the model ,  
whose p r o p e r t i e s  a re  shown in Fig. 2. The dependence of the damping fac tor  ~7 on K 0, requi red  for  the c a l -  
cula t ions ,  was  obtained f rom Eqs. (6) and (7") and the expe r imen ta l  data on the phase angles cstl -) c o r r e -  
sponding to the separa t ion  of the ma te r i a l .  These  phase  angles were  in fe r red  f rom the instant  at  which the 
load d i sappeared  f rom the m e m b r a n e  s t r a in  gauges at the bot toms of v e s s e l s ,  0.04-0.25 m in d iamete r .  
The values of o~ and ~ used in calcula t ing ~ were  assumed  equal to 0.5 in accordance  with [5]. The par t ic le  
s ize ensured that there  we re  no apprec iab le  pulsat ions in the hydrodynamic  head (AP/x  0 < ~/) [6], thereby 
faci l i ta t ing the compar i son  with theory.  

F igure  2 shows the coeff icients  ~o0, r and r calculated f rom Eqs. (7n), (11), and (12); these 
resu l t s  show that the delay in the beginning of flight due to fr ic t ion with the wall  (4;(+) > ~o0) is apprec iable  
at smal l  v ibra t ion  p a r a m e t e r s  (K 0 = 1.56 and 2.82), while at large values of K0, over  near ly  the ent i re  
range of heights x0, where  K 0 > r the beginning of flight is de te rmined  f rom the vanishing of the r e a c -  
tion of the bot tom,  f rom (6). The c r o s s e s  in this f igure give the max imum height of the m a t e r i a l ,  at  which 
the ex te rna l  f r ic t ion force  r eaches  the level  co r respond ing  to the v ibra t ion  iner t ia  (~(+) = K0), and the phase  
angle of the beginning of flight becomes  equal to 7r/2. In this case  the l aye r  no longer e scapes  f rom the 
bottom of the vesse l .  

The data on the l imit ing l ayer  height was checked with a KM-6 ca the tome te r ,  which pe rmi t t ed  highly 
accura te  m e a s u r e m e n t s  of the excurs ion  s '  between the highest  posi t ion of the tossed m a t e r i a l  and the 
lowest  posi t ion of the bottom (for the case  in which the m a t e r i a l  fai ls  in the las t  qua r t e r  of the period). 
The l aye r  heights  at which s '  becomes  s m a l l e r  than twice the v ibra t ion ampli tude,  2A0, evidence of the 
at tainant  of the m a x i m u m  layer  height,  a re  shown by the c i r c l e s  in Fig. 2. These  values  deviate f rom the 
calcula ted values by no m o r e  than 15%. 

Using the resu l t s  calculated for  the motion of an object  in the field of a constant  body force  of intensity 
1 / K  0 (in d imens ion less  form) ,  given in [1-3], we can eas i ly  calcula te  the t r a j ec to r i e s  of an object  sub-  
jected tO a force  of intensi ty r  0 for  var ious  values  of ~0(+) and for  the initial  conditions de te rmined  
f rom the cu rves  in Fig. 2 (the left b ranches  in Fig. 3). After  finding the point cor responding  to v = ds 1/dO 

m 

= 0; (s = max) on these t r a j e c t o r i e s ,  we continue to follow the object ,  but along a different  t r a j ec to ry ,  
cor responding  to a force  q~(_)/K 0 (the r ight  branches) .  The i r  in te rsec t ions  with the t r a j ec to r i e s  of the 
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bottom give the values  of 0 d. The traj  e c to r i e s  shown in this f igure for  three  bodies,  co r responding  to 
d i f ferent  l aye r  depths,  show that only if the l ayer  depth is comparab le  to the pa r t i c l e  s ize does the l ayer  
behave as  a Krol l  object ,  since in this case  the in ternal  and ex te rna l  f r ic t ion fo rces  a r e  negligible (curve 
1). On the other  hand, an inc rease  in the height x 0 leads,  as  was mentioned above,  to an abrupt  change in 
the nature  of the t r a j ec to ry :  i ts  height becomes  much lower,  with a re la t ive  inc rease  in the t ime of flight. 

The final r e su l t s  of this study w e r e  a lso  checked exper imenta l ly .  In e x p e r i m e n t s  c a r r i e d  out under 
the conditions descr ibed  above,  s t ra in  gauges were  used to m e a s u r e  the t imes  at which the m a t e r i a l  s e p a -  
ra ted  f rom and s t ruck  the bot tom of the v e s s e l  (the c i r c l e s  in Fig. 3). In addition, a c a the tome te r  was used 
to de t e rmine  the opt ical  thickness  s '  of the gap between the l aye r  and the bottom (the hor izonta l  ba r s  in 
Fig. 3). The t r a j ec to ry  e l emen t s  of the r ea l  m a t e r i a l  de te rmined  in this manne r  ag ree  well  with theore t ica l  
va lues .  

Accordingly ,  this model  gives a sa t i s f ac to ry  descr ip t ion  of the motion of a r ea l  m a t e r i a l  tossed in a 
ve r t i ca l ly  v ibra t ing  appara tus  over  broad ranges  of the p a r a m e t e r s  K 0 and x 0. 
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NOTATION 

Is the displacement of the material; 

Is the displacement of the bottom of the vessel; 
is the height of the tossing above the bottom; 
Is the diameter of the vessel; 
is the instantaneous height; 
is the height of the material; 
~s the v ibra t ion  amplitude;  
is the t ime;  
is the angular  f requency;  
a r e  the iner t ia l  and gravi ta t ional  acce le ra t ions .  
a r e  the m a s s  and la te ra l  sur face  a r e a  of the layer ;  
a r e  the no rm a l  and tangential  s t r e s s e s  ave raged  ove r  the c r o s s  section; 
a r e  the coeff icient  of dry fr ic t ion,  coeff icient  of l a te ra l  p r e s s u r e ,  and damping factor ;  
is the densi ty  of the ma te r i a l ;  
is the poros i ty  of the layer ;  
is the hydraul ic  r e s i s t ance  of the layer .  

i. 
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